arXiv:math/0512398v2 [math.FA] 26 Jul 2006 


QUANTUM STOCHASTIC OPERATOR COCYCLES 
VIA ASSOCIATED SEMIGROUPS 


J. MARTIN LINDSAY AND STEPHEN J. WILLS 

Abstract. A recent characterisation of Fock-adapted contraction operator 
stochastic cocycles on a Hilbert space, in terms of their associated semigroups, 
yields a general principle for the construction of such cocycles by approxi¬ 
mation of their stochastic generators. This leads to new existence results for 
quantum stochastic differential equations. We also give necessary and sufficient 
conditions for a cocycle to satisfy such an equation. 


0. Introduction 

In this paper we study the functional equation 

Vo = I, Vr+t = TrO'r(Vt) for all r, t > 0 

for a family of contractions on () 0 iF adapted to the Fock operator filtration. Here 
J- is the symmetric Fock space over L^(K.+ ; k), () and k are fixed but arbitrary 
Hilbert spaces, and {crt)t^o is the endomorphism semigroup of shifts, ampliated to 
3(1)1^ J^). We call such a family a left contraction cocycle on t) with noise dimension 
space k. 

Contraction cocycles may be constructed by solving quantum stochastic differen¬ 
tial equations of Hudson-Parthasarathy type. By means of a recent characterisation 
of such cocycles, in terms of an associated family of semigroups (Theorem 1.6), we 
provide a new method of constructing cocycles which in turn leads to new existence 
results for QSDEs. When the driving noise is infinite dimensional the coefficient 
of a QSDE is naturally given as a sesquilinear operator-valued map or, in terms 
of a coordinate system for the noise dimension space k, as an infinite matrix [Eg]. 
We show that if a process satisfying such a form QSDE is contractive and strongly 
measurable then the coefficient is necessarily given by an operator, equivalently 
the matrix must be semiregular. We also give necessary and sufficient conditions, 
of weak differentiability type, for a strongly continuous left contraction cocycle to 
satisfy a QSDE. 

This paper builds on work of Accardi, Fagnola, Journe, Mohari and the authors 
([Fa 2 , Jou, Moh, AJL, FaWj), extending known results for Markov-regular cocycles 
and QSDEs with bounded coefficients ([HuP, HuL, LWi, LW 2 ]; see [Mey, L] and 
references therein). Our development of the theory is coordinate-free, moreover a 
technical feature of the work is that no separability assumptions are imposed on 
either the initial space 1) or the noise dimension space k. This freedom is useful 
for certain applications such as the stochastic dilation of quantum dynamical semi¬ 
groups ([GSi]). A different approach to the characterisation and construction of 
cocycles through semigroup methods has been outlined by Liebscher ([Lie]). 

General notations. The algebraic tensor product is denoted 0, with (g) reserved 
for the tensor product of Hilbert spaces and their operators. For a vector ^ in a 
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Hilbert space K, operators : H ^ H 0 K and : H 0 K ^ H are defined by 
E^u = u(^^ and 

with context indicating the Hilbert space H, and moreover the elementary tensor 
M 0 ^ is usually abbreviated to u^. Note that ^ E^ is an isometry. For Hilbert 
spaces H and H' and a dense subspace I? of H, 0(1?; H') denotes the linear space of 
operators H H' with domain V; 0(V) abbreviates 0(2?; H). For / G L^(K+; k) 
and I C M+, fi denotes the function that agrees with f on I and is zero elsewhere, 
and Cl denotes the function equal to c on / and zero elsewhere, when c is a vector 
in k. 

Fock space. We use normalised exponential vectors in iF = F(F^(]R+; k)), the 
symmetric Fock space over the Hilbert space F^(]R+;k). These are defined by 
^(/) := l|e(/)ir^e(/) where e(/) = (1,/, ■ • ■) for / G L'^{R+;k). The 

function 

X:kxk^C, (c,d) 1 -^ i(||cf + lldf) - (c,d), (0.1) 

which governs their inner product: {w{f),w{g)) = exp(—/ x(/(s), 5(s)) ds), also 
plays a role. The subspace S{S) := Lin{e(/) : / G S'} is dense in T for various 
useful subsets of L? (R+; k), for example 

St := {/ G § : / is T-valued} 

where S := Lin{c[oT[ '■ c-G k,t > 0}, and T is a total subset of k containing 0; we 
write St for S(St). Examples of such sets T include (not necessarily normalised) 
orthogonal bases, augmented by 0. 

We shall need a refinement of the basic estimate 

l|w(/) - w(ff)ll ^ Mf) - ^(5)11 ^ 11/ - (0.2) 

obtained by viewing T^(K+; k) as a subspace of E, namely 

Mf) - e{g) - (/ - g)|| ^ 11/ - g|| (||/|j + \\g\\)eMf\\+M)\ ( 0 . 3 ) 

Letting Tj denote the symmetric Fock space over (d; k), for a subinterval I 
of K.+ , the tensor factorisation T = d^[o,t[ ^ given by continuous linear 

extension of the correspondence 

^(/) ^ '^(/l [0,t[)'^(/l [t,oo[) ■ 

Operator processes. A family of operators {Xt)t^o in 0 E) is adapted if 

Xt G B{t) ® E[qM ® for all t, 

that is, if each Xt only acts nontrivially before time t, and is called an (operator) 
process if furthermore it is weakly measurable (i.e. if 1(/, XtQ is measurable for 
all ^ G ^®E). Here we are concerned with contraction operator-valued processes, 
which we refer to simply as contraction processes on t). 

The right shift St and time reversal map r* on ; k) are 


{stf){u) 


0 if u < t, 

f{u — t) iiu^ t, 


and {rtf){u) 


f{t — u) if M ^ t, 
f{u) if u > t. 


Their second quantisations ampliated to\)® E are the isometry St and self-adjoint 
unitary Rt respectively, given by 

Stus(f) = ueistf), Rtus(f) = ueirtf). (0.4) 

Thinking of s* as a unitary L^(]R+;k) ^ L^([t,oo[;k) we get the Hilbert space 
isomorphism E = E!^t,oa[j and the algebra isomorphism B(t) ^ E) = B(t) 0 E^t,oo\)' 
The latter algebra is viewed as a subalgebra of the former: 

B{t) ®E)'^ B{t)) ® (g) B{E[t,M C B{\] ® E). 
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Then, for Y € B(l) 0 ^), i7t(V) G B(t) 0 T) denotes the resnlt of carrying out these 
identifications; more concretely it is determined by the identity 

{ue{f),cTt{Y)ve{g)) = (M£(st/), >^i’e(st5))(e(/[o.t[), e(5[o.t[))- 

The family {crt)t^o is a pointwise weakly continuous semigroup of normal endomor- 
phisms of i3([) 0 JF). 

Perturbation. We end this introduction by quoting a dissipative generalisation 
of the Kato-Rellich Theorem whose symmetric form is well-suited to our purposes. 
Recall that a Co-semigroup is contractive if and only if its generator is dissipative. 

Theorem 0.1. Let A and B be densely defined dissipative operators on a Banach 
space with the same domain V, and suppose that there are constants A, /i ^ 0 with 
A < 1 such that their difference D = A — B satisfies 

\\Dv\\ < A(||Rr;|| -f \\Bv\\) + g\\v\\, vGV. (0.5) 

Then DomR = DomR, moreover A is a Co-semigroup generator if and only if B 
is. 

This result is due to Gustafson (see [ReS], Theorem X.50). Note that if (0.5) 
holds then D is R-bounded with relative bound at most 2A/(1 — A). 

1. Cocycles and Semigroups 

Left contraction cocycles on () have been defined in the introduction. An adapted 
family of contractions U = {Ut)t^o on satisfying Uq = I and Ur+t = (Jr{Ut)Ur 

for r,t ^ 0, is called a right contraction cocycle. Thus U is a right contraction 
cocycle if and only if U* := {Uf)t^o is a left contraction cocycle. 

The semigroup decomposition. For a contraction process V = (Vt)t^o on t), 
define the following operators on t): 

, c,dGk,t>0. 

These ‘sliced’ operators allow one to determine whether or not a process R is a left 
contraction cocycle. Note that they are all contractions. 

Proposition 1.1 ([LW 2 ]). Let V he a contraction process on t), and let T and Tt 
be any total subsets of k containing 0. Then the following are equivalent: 

(i) V is a left contraction cocycle. 

(ii) For each choice of c G and d G T, {Qf := ^Ql’ )t^o is a contraction 
semigroup on t), and for all f G Syt and g G Sj 

(i.i) 

where {0 = to Gi ti Gi ■ • • Gi tn ^ t} contains the discontinuities o//[oy[ and 
g[ 0 d[i and right-continuous versions are used for the evaluations. 

We refer to : c, c? G k} as the cocycle’s associated semigroups. 

Remark. The same holds for right contraction cocycles except that the product 
in (1.1) is in the reverse order. It follows that (Ut)t^o is a right contraction cocycle 
if and only if {RtUtRt)t^o defines a left contraction cocycle, where the operators 
Rt are defined in (0.4). 

For a left contraction cocycle V, we refer to the left contraction cocycle defined 
by [RtVf Rt)f^o as the (Journe) dual oiV ([Jou]), and denote it V. The associated 
semigroups of the dual cocycle are related to those of V as follows: 

Qt’" = (Qtr- 


( 1 . 2 ) 
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Continuity. The above proposition makes no continuity demands on the time 
variable of — indeed it does not even require the weak measurability condition 
imposed on processes. However the decomposition of a cocycle into its associated 
semigroups does provide a useful handle on the continuity of a cocycle. 

Lemma 1.2. Let V he a left contraction cocycle on () and let : c,d G k} be 

its associated semigroups. Then, the following are equivalent: 

(i) V is strongly continuous. 

(ii) V is weakly continuous at 0. 

(hi) For all c,d G k, is strongly continuous. 

(iv) For some a,b G k, <3“’^ is weakly continuous at 0. 

Proof. Let c,dGk and suppose that V is weakly continuous at 0. By adaptedness 

{u,Qt’'^v) = (n7(c[t,T[),t^(d[i.T[))"^(uti7(c[o,T[), Vtun7(fi[0,T[)), 

for 0 < t ^ T and u,v G t), and so the contraction semigroup is weakly 
continuous at 0 and thus also strongly continuous, by standard semigroup theory 
([Dav], Proposition 1.23). Thus (ii) implies (iii). Suppose now that Q°'’^ is weakly 
continuous at 0 (and thus strongly continuous) for some a,b G k, and let t ^ r 
and ^ = vw{f) for w G 1) and / G L^(]R+; k). Then by the cocycle relation, and 
contractivity and adaptedness of V, 

f^2Re(f,(I-ar(Vt-rm) 

= 2 Re (5'*Vtt7(/[r,t[), (I - Vt-r)S*vw(fir,t[))- 

For any e G k let = zi7(f[r,t[) so Sfvw(f[r,t[) = S*v(p^^t + vw(e[o,t-r[), 
and thus the right-hand side of the above is no larger than 

+ \\Fr,t\\ + llVJr.tll} +2 (vtZ7(a[o,t_^[), (/- Vt-r)^ICC7(&[0.t-r[)) • 

The first term converges to 0 as t — r ^ 0, and the second term equals 

2 (u, (/-Q“4)u)-h||uf|exp(r-t)x(a,5)-l| , 

hence \\{Vt — 14)^11 ^Oast — r^Oby the assumption on Therefore, since 

the collection of such vectors ^ is total, the uniform boundedness of V implies that 
it is strongly continuous. Thus (iv) implies (i). Since the implications (i) (ii) 
and (iii) (iv) are trivial the proof is complete. □ 

Thus, as for semigroups, strong continuity for a left contraction cocycle is equiv¬ 
alent to weak continuity at 0, and also to any of its associated semigroups — in 
particular its Markov semigroup — being a Co-semigroup. 

Remark. By the strong continuity of t i—> Rt, Lemma 1.2 is equally true for right 
contraction cocycles. 


Suppose that P is a strongly continuous left contraction cocycle on (). Then each 
is a Co-contraction semigroup by Lemma 1.2 and so has a generator For 
immediate purposes it is convenient to also work with the Co-semigroups defined 

by 

Vpc,d peicio.tOy^ £^e(d[o.t[) = e^dbll'+IMII^C VQC,d^ c, rf G k, 
and their generators, which we denote The generators are related by 

HXd-{c,d) = Gl^ + x{c,d), 

with equality of domains, where x is the function dehned in (0.1). 
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Note also that, from (1.2), 

= (ffXc)* and Gl^ = {GlX- 

Operators associated with a cocycle. In this section the generators of semi¬ 
groups associated with a strongly continuous left contraction cocycle are compared. 
This will lead to natural sufficient domain conditions for such a cocycle to be gov¬ 
erned by a QSDE. First note two consequences of the estimates (0.2) and (0.3). For 
locally bounded functions / and g in L^(IR+; k), 

l|e(/[s,t[) - £(ff[s,t[)ll = - s) and 

lk(/[s,t[) - e(5[s,t[) - (/ - 5)[5,i[ll = 0{t - s), (1.3) 

as (t — s) —> 0 with [s, t[ in some finite interval. In particular, for a,c G k, 

l|e(c[s.t[) - e(a[s,t[)|| = 0{y/t - s) and (1.4) 

l|e(c[5.t[) - £(a[^.t[) - (c - a)[5,t[|| = 0{t - s). (1.5) 

The former refines to 

(t-s)“^/2||£(c[^,t[)-e(a[^,t[)|| < ||c-a|| +0{t-s). (1.6) 

Viewing () 0 k 0 L^(R+) = 1) 0 L^(IR+; k) as a subspace of f) 0 iF, define two 
families of operators associated with a cocycle V: 

Tj(t) : = and 

for d e k and t > 0. Thus (t) G B{t); ()(8)k), and (t) G B{t)^k) is a contraction. 
Since its associated semigroups satisfy 

{u, - '(p“’‘^)u) - t{u{c - a), TX (t)v) 

= {u{sicio,ti) - e(a[o,t[) - (c- a)[o,t[), VtU£(d[o,t[) - u£(0)) 

and Vtve{d[Q^t[) u£(0) as t ^ 0+, the estimate (1.5) implies that 

t{u{c- a),TXit)v) = {u, - ^Pt’‘^)v) +o(t) (1.7) 

as t ^ 0; similarly 

t(u(c - a),G^it)vid - b)) = {u, - ^P^'" - ^PX'^ + ^Pt'^v) + (1-8) 

Now define operators and G^ by 

TYV = w-limT^ (t)v and C'^^ = w-limC'^(t)^ 
t^o+ t^o+ 

with domains equal to the subspaces on which weak convergence holds. Thus 
DomC'^ is a closed subspace of () 0 k on which G^ is a contraction. We shall 
see that each Tj is densely defined and obtain sufficient conditions for C'^ to be 
defined on all of () 0 k. 

For a subset S' of k and element d of k, define 

:= DornG^d, and ;= p| (1.9) 

ces 

Note that DomidJ)^^ = DomG^^ for all c,d G k. 

In the next result we shall spare the reader a panoply of symbols by dropping 
the V and V superscripts, writing Tc for and so forth. 


Proposition 1.3. Let V be a strongly continuous left contraction cocycle on [} with 
noise dimension space k, let c,dG k. 
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(a) For each v G and f G n k), the map t i—> Vtve{f) is 

(locally) Holder continuous with exponent 

(b) For each a G k, Dom Ha,d = Moreover, for any dense subspace £> of 

, T) is a core for Hc,d if and only if it is a core for Hd,d- 

(c) For each e G k, 

E^Td D Ha+e,d - Ha,d- (1.10) 

In particular, the map c i—> Hc,d is complex-conjugate affine linear. 

(d) For all b,e G k, 

Ha,d-Ha,bC(fa)*Ed-b and Ha,d+(fc)*EaCHa,d+e, (I-H) 

and the maps d i—> Hc,d and d ^ Td are complex affine linear in the sense 

that, for all b G k and z G C, if e = (1 — z)b + zd then 

Hc,e 3 (1 - z)Ha,b + zHc,d and D (1 - z)Tb + zT^. (1-12) 

(e) For b,e G k 

Td — TbCCEd-b and Tj,-G CEg C T^+e, 

in particular the operator (Td—Tb) is bounded on its domain. If Dom CEd = 
[) then (CEd)* D E'^C. Also DomC = [} (g) k z/ and only if Dom C = [) (g) k, 
in which case C = C* and DomT^ is independent of d. 

(f) For each b G k, Tb is Hc,d-bounded, with relative bound 0, on S'^nDomTf, D 
DDA}^ iji ihg notation (1.9). 

Proof. First note that for v G and A,t > 0, 

- I)vw(d[o^t[)\\'^ < 2t~^Re{v,(I - Qf‘^)v) 

= -2t~^Re J {v,Qf‘^Gd,dv)ds 

^2\\v\\\\Gd,dv\\ 

^2(M\\\Hd,dv\\ + \\dr\\vr) 

^ (A||i7d.di;|| + (A-i + y2||d||)||p||)", 

SO 

- l)ve(d[ 0 ,t[)\\ < M\Hd,dv\\ + m(A)||t|| + 0(t) (1.13) 

as t ^ 0, where /i(A) = A“^ + -\/2||d||. In particular, since E^i°’GEg(^Q'^ = 0, us¬ 
ing (1.6) 

\\Td(t)v\\ if t~^/‘^\\Vtve(dio^tl) - ^^£(0)11 

< AliiFd.dull +a^'(A)||u|| +0(t) (1.14) 

where y^'(A) = A“^ + (1 + ■v/2)||(i||. From (1.7) therefore 

\\(PfA_pa,d)^\\^t\\c-a\\\\Td(t)v\\+o(t) 

if t\\c - all (A||i7d,d^^|| -k /r'(A)||v||) -k o(t). (1.15) 

(a) Let v G f G (If n L“^)(]R+; k) and T ^ t ^ s ^ 0. Then, from the 
estimate (1.3) the function fs,t := f + (d — f)[e,t[ satisfies 


l|£(/) -£(/s.t)ll = 0(Vt-s), 
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as {t — s) ^ 0. Using the cocycle and adaptedness properties of V, 

WiVt - Vs)ve{fs,t)\\ ^ \\asiVt-s - I)ve{fs,t)\\ 

= Mf[s,t[-)\\\\crs{Vt-s - I)ve{d[,^t[)\\ 

^ ||e(/)||||(U_.-/)r;£(d[o,t_,[)||. 

Therefore, by (1.13), if follows that ||(Vt — 14)ve(/)|| = 0{\/t — s), and (a) follows. 

(b) By (1.15) 

limsupf^ll — Pf’‘^)v\\ < oo for 7) e T)‘^. 
t^o+ 

By standard semigroup theory ([Dav], Corollary 1.39) it therefore follows that 
DomPc.d U and (1.15) gives 

\\{H,,d-Hd,d)v\\ ^ l|c-d||(A|iPd.di^||+ m'(A)||ii||), pGD'^. 

We may therefore apply Gustafson’s Theorem (Theorem 0.1) with A = Hc^dlv^^ 
B = Hd^d and an appropriately chosen A to conclude that 

Dom A = Dom B = Dom B = Dom A 

and that A itself generates a Co-contraction semigroup. But Co-contraction semi¬ 
group generators are maximal dissipative ([Dav, Theorem 6.4] or [ReS, page 241]) 
so the inclusion Hc^d D ^ is an equality — in other words Dom Pc,d = A 
further application of Gustafson’s Theorem now shows that, for a dense subspace 
D of 'D‘^, 2) is a core for Hc^d if and only if it is a core for Hd^d- 

(c) Let V G First note that, by (1.14), Td{t)v is locally bounded in t in a 
neighbourhood of 0. Thus, in view of (b) and (1.7), v G DomT^ and E^TdV = 
{Hc+e,d — Hc,d)v for any e G k. Thus (1.10) holds. 

(d) Let 5 G k,r; G and u G DomTc. Then, for t > 0, 

{v{d - b),fc{t)u) = t-^{v, (P/’^ - + o(l) = t-\{P^’‘^ - Pt'^)v,u) + o(l). 

It follows that v{d — b) G Dom(Tc)* and (Tc)*Ed-bV = (Pc,d — Hc,b)v. This proves 
the first inclusion in (1.11); (1.10) applied to V gives E[d,c + E^Tc = Hd+e,c which 
yields the second: 

Pc.d+e = {Hd,c + P"Tc)* A Pc.d + f^E,. 

By (c), setting e = (1 — z)b + zd, 

(l-z)Pc.6 + 2Pc.dC {il-z)Hb,c + zHd,c)* = {He,cr=H,^e. 

This gives the first of the inclusions (1.12); the second follows from the observation 
11 (1 - z)Tb{t) + zTd(t) - Tc(t)ll < P^/^ll (1 - 2)e(6[o,t[) -k 2c(d[o,t[) - e(e[o,t[)|| 

= 

(e) The first two inclusions follow from the observation 

\\Tdit) - Tbit) - Cit)Ed-b\\ < <"^/^ll£(d[o,t[) - e(&[o,t[) -{d- &)[o,t[|| 

= o(t'/"), 

by (1.5), and the rest follows from the fact that C{t) = C(t)* for each t > 0. 

(f) Let V G 2)”* and A > 0. From (1.15) 

m,,d-Ha,d)v\\ ^ llc-all(Al|Pd.dnll+/x'(A)lli;ll) 

Taking a = d it follows that 

(l - 11c- dllA)llPd,d?i|| < \\Hc,dv\\ + ||c- d||Ai'(A)||w||. 



8 


J. MARTIN LINDSAY AND STEPHEN J. WILLS 


But from (1.14) it follows that 

therefore Td is i?c,d-bounded with relative bound 0. Since {Td — Tb) is bounded on 
its domain (f) follows. This completes the proof. □ 


To a strongly continuous left contraction cocycle V on t), with noise dimension 
space k, we may therefore associate an operator on 1) 0 (1) 0 k) by 


:= 


C^-I 


where l^v.o and = {T^\^v.o)*- Thus is a Co¬ 
contraction semigroup generator, has the same dense domain as is 

closed and C^ is a contraction operator. If is densely defined then 

{F^y D F^. (1.16) 

Corollary 1.4. For all c, d G k and S' C k 

DomC^rf = and S^AffS ^ ^v,S 

where Aff S denotes the complex affine span of S. Moreover, 

Dorns'^ D 2)'^’° 0 (2)^’^®^0D), (1.17) 

where D = Lin(S — S). 


Proof. For convenience we drop the superscripts V and V as in the proposition. The 
semigroup generators Gc,d and Hc^d have the same domains, so the first equality 
follows from part (b) of the proposition. For the second equality, if e G Aff S then 
2)6 ^ j)S inclusion in (1.12). But this implies that 

£>■^0 Pi 2)^ = 2)^®'^ C 2)®. 

eGAffS 

For (1.17) note that if 6, d G k then 

MEd-b = {E<^-%\soy = {Hd,o - Hbffi* D ido.d - ifo.b, 

applying part (c) to the dual cocycle V. Also CEd-b Z) Td — Tb, thus 2)'^^’'^^ is a 
subspace of both DomMEd-b and DomCAd-;,. Therefore if e G S — S and v G 
then ve G DomM n DomC. The result follows since DomL = DomZ = 2)°. □ 


For a cocycle V and subspace D of k. Corollary 1.4 permits the following defini¬ 
tion: 

:= T''^lsoe(S)®D) ( 1 - 18 ) 

where 2)o = 2)^’° and 2) = 2)^T. Note that for any subset T of k containing 0 

2)FT ^ ^v,D^ ^j^gj.g Q ^ 

From the corollary we see that £F{o,d} Dom.E'^F^E^ for all c, d G k, and by 
parts (b)-(e) of the proposition, 

= id];, - (c, d) = Gld + x(c, d) on £F{d.o}^ (120) 

For Markov-regular cocycles, that is cocycles whose Markov semigroup is 
norm-continuous, the situation is much simpler. 

Corollary 1.5. Let V be a strongly continuous left contractive cocycle on [} with 
noise dimension space k and suppose that one of its associated semigroups is 
norm continuous. Then all of its associated semigroups are norm continuous and 
E^ G B(()0k). 
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Proof. That all or none of the associated semigroups are norm continuous follows 
since 

jjpa.fc _ po^ll = 0{Vt) for a, b,c,d G k, 

by (1.4). So if it is the case that all the semigroups are norm continuous then 
G B{\)) for all c, d G k. In particular ^ G B{\)), so that 2)^’° = t), and 

hence which is bounded by part (f) of the proposition. 

Since the semigroups associated to the dual cocycle are the adjoints of those 
associated with the cocycle, and must also be norm continuous, = Tq* G 
B{i] ® k;()), and from (1.8) it follows that the contraction is densely defined, 
hence G B{\) 0 k). □ 

Cocycle characterisation through semigroups. In Proposition 1.1 we used 
the family of maps : c,d G J,t ^ 0 } defined in terms of a given process 

V to determine whether or not it is a left cocycle. The following result turns this 
around. 

Theorem 1.6 ([LW 3 ]). Let Qj = : c, d G T} &e o family of semigroups 

on [) indexed by a total subset T of k which contains 0. Then the following are 
equivalent: 

(i) There is a left contraction cocycle V on whose associated family of semi¬ 
groups includes Qj- 

(ii) For all n G N, Y G M„(|())) = B{0!P] [)"), and positive invertible matrices 
A,Bg M„(C), i/||A-i/ 2 yB-i/ 2 || ^ 1 then 

|!(T.x^^)-i/ 2 (gc.p)(p.^c)-i/ 2 || (P21) 

for all c G T”, t ^ 0. 

This requires some explanation of terms: |()) := i?(C;()), the column operator 
space determined by f) ([EfR, Pis]); given c,d G k, = (•ci7(c[o^t[),tz7(d[o,t[)) = 
exp—tx(c,d), and given c G k”, := G M„(C) = i3(C”), Qj := G 

M„(i?(f))) = 5(1)"), the symbol • denotes the Schur product of matrices, so in 
particular if T = [jup] then Q’t • T = iLj)] G i?(C”;()”); finally, the first 

matrix within each of the norms is thought of as having entries of the form u/j, for 
u G C, thus both norms are those of i?(C”; f)”). 

What this result tells us is that if we can find a family of semigroups Qj on f), 
indexed by a total subset T of k containing 0, which satisfies (1.21) then there is 
an associated cocycle V on t). This condition, on a putative family of semigroups 
Qt, looks hard to verify. However the strength of the result lies in the fact that it 
is manifestly stable under pointwise limits. 

Theorem 1.7. Let Qj = : c, d G T} be a family of semigroups on t), indexed 

by a total subset T of k which includes 0. Suppose that there is a sequence (E^"^)„^i 
of left contraction cocycles on t) whose associated semigroups satisfy 

{n)QC,d Qc,d pointwise on f), 

for all c, d G T and t > 0. Then there is a unique left contraction cocycle V on 

(n) 

f) whose associated semigroups include the family Qj. Moreover Vf ^ Vt in the 
weak operator topology for each t. 


Proof The existence of V is immediate from Theorem 1.6, uniqueness follows from 
the totality of T, and the convergence ^ E is a consequence of (1.1) and 
contractivity. □ 
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2. Quantum Stochastic Differential Equations 

Let k := C 0 k and, for any subspace D of k, let D = C 0 D = Lin{d : c? G D} 
where d := . Also let Cq = (g) G k and define 

A = J„ 0 Pk 

where Pk € P(k) is the orthogonal projection with range {eo}'*' = 0 0 k. 

Consider now the form QSDE 

dVt = Vt¥dkt, Vo = I, (2.1) 

and the operator QSDE 

dVt = Vt{F®I^) dAt, Vo = I, (2.2) 

for (bounded operator-valued) processes V out), for which we need dense subspaces 
£>0 A £ of (), and total subsets and T of k containing 0. Set D = LinT and 
Dt=LinTt. _ 

In the first case, F is an operator-valued map defined on Dt x D of the form 

((c)’0)^^^ 'J' 

where K G 0{Do), c i-^- P° is conjugate linear Dt ^ O{'£)o), d Md is linear 
D ^ C>(£) and (c,d) issesquilinear D^xD ^ C>(£) (thusF(Q, (“)) G C>(£) 

in general, and is (!l(£o)-valued if c? = 0 ), and E is a Jt-T-so^wtion of ( 2 . 1 ) on 
£o ® £( 0 ) 0 £ 0 Ft if, in the notation g{s) := g{s), 

{ue{f),{Vt-I)ve{g)) = j {u£{f),Vs¥(f{s),g{s))ve{g))ds (2.3) 

Jo 

for all M G f), / G Sjt) (^)ff) G (®o X {0}) U (£ x Sj) and t > 0. In particular V is 
weakly continuous in an obvious sense. 

In the second case F G O(£o 0 (£® D)), Vj stands for the operator on () 0 k 0 P 
obtained from by tensor flipping, and there are two basic kinds of solution: V 

is a Tt -weak solution of (2.2) on £o0c(O)0£0Ft if (2.3) holds for the component 
map of P, defined by 

F(C,r;)=P«PP^, CGDt,r;GD. 

In other words, setting ^(s) = veoe(O) 0 wg{t)£{g), 


{u£{f), {Vt - /){u£(0) 0 we{g)}) 

(M£(/),EP^(*)P0/K(s))ds 

= ^ {ue{f),Vs{iK 0 P/(^))U£(0) + {K + 0 M,(,) 0 N^J^:i)weig)}) ds, 

where F = [^ ^] in block matrix form, and P° = P°P etc. 

E is a strong solution of (2.2) on the same domain if the map 

t ^ ||EAP0j^C(Of + ||EA-^P0/K(i)|| 

is locally integrable for each v G £o, if G £, and g G St, C is strongly measurable, 
(and hence is stochastically integrable), and if it satisfies the quantum stochastic 
integral equation 

Et = /0 f VsiF®I:F)dAs. 

Jo 
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In particular V is strongly continuous on its domain ([L]), hence on all oi\)® T hy 
contractivity, and the First Fundamental Formula of quantum stochastic calculus 
implies that y is a k-weak solution on £>0 ® c( 0 ) + £®£t- 

We recall the basic implication for F of contractivity of a strong solution of (2.2), 
and include its short proof for the convenience of the reader (cf. [FaW]). 

Proposition 2.1 ([Fa 2 , MoP]). Let F G ©(Dq ® (®®D)) where £0 £ © are dense 
subspaces of [} and D = LinT for a total subset T of k containing 0, and suppose 
that (2.2) has a strong contractive solution on £0 <8 ) £(0) + £®i£t- Then F satisfies 
the form inequality 

2Re(C,FC) + ||AFef <0, (2.4) 

with equality if the solution is isometric. 

Proof. Let ^ G £0 ® (£®D). Then f is expressible in the form uoeo + 'afci 
for some mq G £ 0 , n G N, mi, ..., G £ and ci,..., c„ G T. Let f = mo£(0) + 
YJi=i'aF{fi) and C{s) = ■uoeoe(O) + J2i^iUifi{s)s{fi) where /* = cqo.Tf for i = 
1,..., n and some T > 0. Then, by the Second Fundamental Formula of quantum 
stochastic calculus, 

-IlCf) 

= f {2Re{Vsas),VsiF0l^)as)) + \\Vs{AF^I^)as)\\^} ds, 

Jo 

with equality if V is isometric. Using the continuity of the integrand at the origin, 
letting t ^ 0 and then letting T ^ 0 now gives the result. □ 

Remarks, (i) If it is assumed further that all the T-components [E^FE^ : c,d G 
T) are bounded, then (2.2) may be solved by Picard iteration and Mohari and 
Fagnola showed that (2.4) is also sufficient for contractivity of the solution. In fact 
boundedness of T-components and contractivity of the solution implies that F itself 
is bounded ([LWi], Theorem 7.5) so that (2.4) simplifies to the operator inequality 

F + F* + F*AF (2.5) 

The solution is also unique amongst T^-weak solutions (cf. Theorem 2.3 below). 

(ii) Since the integrability condition for being a strong solution is automatically 
satisfied by strongly measurable contraction processes, any strongly measurable 
weak solution of ( 2 . 2 ) is necessarily a strong solution on the same domain. 

We next show how the assumption of strong measurability renders form solutions 
into strong operator solutions. 

Theorem 2.2. Let V he a strongly measurable contraction process on [} with noise 
dimension space k, and let T he a total subset of k containing 0, let £0 D T) be 
dense subspaces oft). Set D = LinT, and assume that D has an orthonormal basis. 
If V is a T-T -solution of the form QSDE (2.1) on £0 e(0) -I- £®fT, and each 

map f F(^,? 7 )v is continuous then F is the component map of an operator F G 
O(£o ® (®®D)) 0,'iT'd satisfies the corresponding operator QSDE (2.2) strongly 
on the same domain. 


Proof. By the second remark above it suffices to show that F is necessarily the 
component map of an operator F G O (£0 ® (£® D)). For any subspace h of k of the 
form LinTo where To is a finite subset of T, define an operator F'" G (!l(£o® (£®h)) 
by 


F'' = Y,EeMec.,ep)E->^ 

a,(3 
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where (cq) is an orthonormal basis for h which includes the vector cq = (g). By 
sesquilinearity, does not depend on the choice of basis and, for G h and 
{v,r]) G (Do X Ceo) U (D x h), 

E^F^vrj = F(^, r])v. 

Also let be the natural isometric embedding ()( 8 )r(L^(IR+; h)) ^ obtained 

by second quantisation of the inclusion map h ^ k. Then it is easily verified that 
the process V'" := {J^*VtJ^)t^o satisfies the QSDE dXt = Xt{F'" i^I) dAt, Xq = I, 
To-weakly on Do 0 e(0) + D^fjo ■ Since is contractive and strongly measurable 
it satisfies the equation strongly. Therefore, by Proposition 2.1, F^ satisfies 

WAF^vriW'^ < —2Re{vri,F'"vri) = —2Re{v,¥{ri,r])v) (2.6) 

for (u, 77 ) G (Do X Ceo) U (D x h). 

Now let {di)i^i be an orthonormal basis for k taken from D (with 0 ^ /), and 
set I = {0} U /, eo = (g) and Cj = (°.) so that is a basis for k. Then, 

for {v,r]) G (D X C(°)) U (Do x Ceo) where d G T and /q a finite subset of /, 
applying (2.6) with h = Lin({d} U {di : f G Iq}) gives 

^||F(e„r7)uf = 1 ^ 
iGlo iGlo 

< WAF^vrjW^ < — 2 Re(u,F(? 7 ,r 7 )u), 

and so the orthogonal sum Eie/d)^^ is convergent. Thus an operator 
F G Ci(Do © (D©D)) is defined by linear extension of the prescription 

X! Eec.'^iea,ri)v. 
ccFi 

By the continuity assumption on F, E^Fvrj = ¥{^,ri)v for ^ G D and vrj as above, 
and it follows that F is independent of the choice of basis {di)i^j, hence is the 
component map of F: E^FErf = F(^,r 7 ) for ^,77 G D. This completes the proof. □ 

Remarks. Dixmier showed that a pre-Hilbert space need not have an orthonormal 
basis ([Bou, V.70]); however the assumption on D is automatically satisfied if either 
the Hilbert space k is separable or the set T contains a subset which is orthogonal 
and total. 

Since contraction processes satisfying the form QSDE are weakly continuous, the 
strong measurability assumption is redundant when f) and k are both separable or, 
in view of Lemma 1.2, when the solution is a left cocycle. 

This connects with issues of uniqueness. 

Theorem 2.3. Let ¥ be a sesquilinear map Dt x D ^ C’(D), where '3 is a dense 
subspace of f), Df = LinTl and D = LinT for total subsets Tl and T of k that 
contain 0. 

(a) Suppose that Tl = RTl and T = RT. If K := F(eo, eo) is a pregenerator of 
Co-contraction semigroup on () then the form QSDE (2.1) has at most one 
contractive Tt-T -solution on D©Ft- 

(b) If the form QSDE (2.1) has a unique contractive TCj- solution V otz D©Ft 
then V is a left contraction cocycle. 

(c) If the form QSDE (2.1) has a Tl-T -solution V on D©Ft which is a left 
contraction cocycle then D C D^’'^ and E^E^E^l^ = F(c, d) for all c G 
Dt,dG D. 
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Part (a) is Mohari’s Uniqueness Theorem ([Moh]). The invariance of T (and T^) 
under scalar multiplication can be weakened to the following: 

for each d G T there exists e > 0 such that [0, e]d C T, 


which is sufficiently strong to allow differentiation at a crucial stage in his argument, 
ft is clear from Meyer’s treatment ([Mey, page 191]) that the result remains valid 
in this generality. Part (b) is proved by verifying that, for each t > 0, 


S 


Vs if s < t, 

Vt(Tt{Vs-t) if s > t, 


defines a contraction process U* which also satisfies (2.1). This is easily checked 
by treating [) ® an initial space and using the explicit action of shifts on 

exponential vectors. 


Proof of part (c). Pick m G (), n G S, c G Jl and d G T, and set / = C[oq[ and 
g = d[oq[. Then for all 0 < t < 1 

{us{f),{Vt- I)ve{g)) = [ {u£{f),Vs¥(c,d)ve{g)) ds. 

Jo 

But, for the same t, 

{u, - I)v) = (u£(/), (Vt - /)pe(5))e(*"^)<°’‘'> + {e*Vd) _ i){c,d){u,v), 

and consequently 

lirn — I)v) = {u, (F(c, d) — (c, d))v). 

Since this holds for all w G 1) it follows that v G Dom and that F(c, d) — (c, d) C 
for all c G D 1 and d G D ([Dav], Theorem 1.24). Hence £> C and so 

= F(c, d) by (1.20). □ 


3. Necessary conditions for contractive solution 

In this section we explore necessary conditions on F for the existence of contrac¬ 
tive solutions of (2.2). Recall that densely defined dissipative operators are closable 
with dissipative closures. 

Proposition 3.1. Let F G ©(Sq© (®©D)), for dense subspaces So © S oft) and 
D of k, have block matrix form c^i] ond satisfy the form inequality (2.4). For 
each c G k and d G D define ^ := E'^FE^ — x(c, d). Then 

(a) C is a contraction and, for all u G So; 

llTitf+ 2Re(M,R:M) < 0; (3.1) 

(b) E and ^ are dissipative] let Gc,d = Gc d ond Z = Gq^o = K] 

(c) L is G’^ j^-bounded, with relative bound 0, on DomG]]^; 

(d) for each a G k, G° ^ is o relatively bounded perturbation ofG^ ^ with relative 
bound 0, Dom Ga,d = DomGc,d, and Ga,d is a Go-semigroup generator if 
and only if Gc,d is] 

(e) DomM* D DomR' and, for all u G So; 

\\(L + GM*)u\\^+ \\M*u\\^+ 2Re{u,Ku) £^0, (3.2) 

in particular, M* is K-bounded with relative bound 0; 

(f) E also satisfies (2.4), moreover E D E' where F' = being the 

continuous extension {in the graph norm of Z) of L to DomZ. 
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Proof. For ^ = (“) G So © (S©D), (2.4) is equivalent to 

\\Lu + Crjf ^ -2 Re{u, Ku + Mr]) + \\rjf, (3.3) 

and setting u = 0, respectively rj = 0, shows that (a) holds. Now abbreviate E‘^L, 
MEii and E'^CE^ to L‘^, and respectively, and denote DomG^ ^ by thus 

G°,, = iF + - i||cf - i||df, 

where SD = Soif<^ = 0 and equals S otherwise. 

If ?7 = ud where d G D and u G S° then (3.3) reads 

II(L + Cd)u\\^ ^ -2Re{u, {K + - ^\\df)u), 

so, for c G k and d G D, 

-2Re(u, G%u) = -2Re {u, {{K + M,- i||df) + {L^ + - i||cf )}u) 

^ II (-^ “f Gd)'u|p — 2 Re (uc, {L + Cd)u^ + Huclp 
= \\{L + Cd-EM\^ 

for all u G S^. Thus G^ ^ is dissipative, moreover 

||(L + Gd-F;e)u|| ^ ^-2Re(A-iM,AG0^M) ^ A||G°,rfM||+A-i||M|| 

for all A > 0 and so, since (G^ — E^) is bounded, L is G° ^-bounded with relative 
bound 0. Since E is clearly dissipative, we have established (b) and (c). Since 
Ga.d - G%d = + i(||c|p - ||a|p) it also follows that G°is a rela¬ 

tively bounded perturbation of G°^ with relative bound 0, and so (d) follows from 
Gustafson’s Theorem. 

Now let u G So- Then, from (3.3), 2|(u,M7y)| < ||? 7 |p — 2Re{u,Ku) for each 
r] G 'D^D. This implies that u G DomM*. Thus DomM* D So and (3.3) reads 
||Lu+G?7|p+2Re(M*M, ?7)+2Re('u, Ku) ^ ||? 7 |p, now valid for m G So and rj G t)©k. 
Putting rj = M*u gives (3.2), in particular 

\\M*uf < 2\{u,Ku )\< (A|!iGu|| + A-iw|!)" 

for A > 0, showing that (e) holds. Since F is densely defined and dissipative it is 
closable and it is easily verified that its closure contains F', and that it inherits the 
property (2.4) from F. Thus (f) holds too and the proof is complete. □ 

Remarks, (i) The form inequality (2.4) is therefore equivalent to (3.1) together with 
contractivity of G, Dom M* D So and the following inequality holding for u G So 
and ?7 G [) © k: 

\{{M*+C*L)u,r])\^ < (2Re(u, {-K)u) - ||Tzif )(hf - HGryf). 

If equality holds in (2.4) then G is isometric and ||Tm|P + 2Re{u, Ku) = 0 for all 
u G So, in turn, if either of these conditions hold then M* D —C*L. 

(ii) In view of (f), the proposition still holds if K, L and G are replaced by Z, 
L' and G respectively, and M is replaced by the restriction of M to any dense 
subspace of its domain of the form S(^©D'. 

Proposition 3.2. Let F and F' be as in Proposition 3.1. Suppose that Z is a gener¬ 
ator of a Co-semigroup and let := where = diag[j(”), /i,(g)k] G 

R(l)©k), jG) being the contraction {I— n-^Z)-^. ThenF^) is bounded and its clo¬ 
sure satisfies the operator ineguality (2.5), and ^ F pointwise on So©(S©D). 
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Proof. Note first that 7*^"^ leaves DomF' invariant, and that = A. Thus for 

^ e DomF, putting 

2Re(e,F(”)0 + ||AF(")^f = 2Re(e„,Fe„) + ||AFe„f < 0, 

by Proposition 3.1, thus satisfies the form inequality (2.4). Now let [ ] 

be the block matrix form of Since 77^") = G ^((l) it follows 

from Proposition 3.1 that and M^"^* are bounded, and so Fi"i is bounded, 
hence extends to () 0 k. Thus F^") satisfies the operator inequality (2.5). Now 
(J(”)) and (J(")*) are sequences of contractions which converge strongly to 7 and, 
for V G DomZ, ^ p in the graph norm of Z. Thus 77^"i ^ Z on Sq, 

F(”) = F'J(”) ^ F on So (since F' is Z-bounded) and = j(”)*A7 ^ M on 
S®D. In other words F^”) ^ F pointwise on Sq ® (S®D). □ 


4. Stochastic Hille-Yosida 

In this section we obtain the stochastic generator of a strongly continuous left 
contraction cocycle — when it has one, an existence theorem for the QSDE (2.2) is 
established, and some examples are discussed. We also briefly describe the situation 
when k is separable and has a given orthonormal basis. 


Stochastic generator of a cocycle. We first show that strongly continuous 
left contraction cocycles satisfy a quantum stochastic differential equation under 
a minimal condition for the equation to make sense — namely that there is an 
available dense domain for a coefficient operator to act on. It amounts to a weak- 
differentiability condition (cf. [AJL, Fa 2 ]). Recall the notation (1.18) and the iden¬ 
tities (1.19) and (1.20). 


Theorem 4.1. Let V be a strongly continuous left contraction cocycle on f) with 
noise dimension space k, let Pl and T be total subsets of k containing 0, and let 
D = LinT, Dt = LinJl and Z = 7 /S'^A is dense in i) then the following 

hold. 

(a) For F = F^P, the process V satisfies the operator QSDE (2.2) strongly on 

(g) £(0)-b 

(b) If D is a core for Z contained in S'^P, then V is the unique contractive 
D'^-weak solution of (2.2) on £)®Fd, for F = F'^P|j,|g|g. 

(c) 7/J)^P^ is also dense in 1) then (F^P)* D F^P^. 


Proof, (a) Since V is strongly measurable and contractive it suffices to show that 
y is a k-weak solution by the second remark after Proposition 2.1. But this follows 
from the semigroup representation as follows. Let u G t), f G S and {v,g) G (£l^’° x 
{0}) U (2)^P X Sd). Then by adaptedness and the semigroup representation (1.1), 


(us(f),Vtvs(g)} = 

and since C Dom77j^ for all c G k and <7 G D by Corollary 1.4, the (a.e.) 
derivative of this with respect to t is 


{u,Pt 


7(to),s(to) 


•F 


f{tn),g{tn 




in other words {ue{f),VtE'^^*'^FE^(r^v£{g)) by (1.20). Thus V satisfies (2.2) k- 
weakly on 2)'^’° 0 £(0) -b 2 )'^P®Fd. 

(b) This follows from Theorem 2.3. 

(c) This follows from (1.16): (F'^P)* D (F^)* D F^ D F^P\ □ 
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Remark. By Corollary 1.5 if V is Markov-legyAai then G B(l) 0 k), so = t) 
and hence V satisfies the operator QSDE on [} 0 £k for this bounded operator — 
this is Theorem 6.7 of [LW 2 ]. 

The theorem also extends the main result of [AJL] to infinite dimensional noise. 
Note that an application of the Banach-Steinhaus Theorem is needed there in order 
to show that the form QSDE coefficient is actually the component map of an op¬ 
erator. In infinite dimensions the same argument again leads to a form QSDE for 
V, however the Banach-Steinhaus Theorem does not help in this case. The above 
result therefore also fills a gap in the proof of Theorem 2.4 of [Fa 2 ]. 

From this result and part (c) of Theorem 2.3 we may now give necessary and 
sufficient conditions for a contraction cocycle to satisfy a QSDE. 

Proposition 4.2. Let V be a strongly continuous left contraction cocycle on t) with 
noise dimension space k. Then the following are equivalent. 

(i) ig dense in () for some total subset T 0 / k containing 0. 

(ii) V strongly satisfies a QSDE of the form (2.2) on some domain of the form 
So C) e(0) -I- S^^D- 

(hi) V is a Tt-T -solution of a form QSDE (2.1) on some domain of the form 
S®i?T- 

Remark. Thus if E is a left contraction cocycle on Ij which satisfies a QSDE of the 
type (2.2) on (g) e(0) -I- then 

F = 

where D = LinT. 

Coordinates. Suppose that k is separable with orthonormal basis rj = (dQi^i, 
and set do := 0- Let E be a strongly continuous left contraction cocycle on [) 
and suppose that S = pl^, ^ Dom is dense in (), where G(^a,( 3 ) denotes the 

generator for c = da and d = d/s. Then Theorem 4.1 ensures that E strongly 
satisfies a Hudson-Parthasarathy equation 

dVt = VtF^dKli{t), Vo = I, 

in which is the matrix of components of an operator F G G(£> 0 D) 

where D = Lin 77 — in other words the matrix is semiregular in the sense that 
^ all /3 > 0 and v G D. Moreover the components are 

recovered from the associated semigroup generators by the affine transformation 

Pq = G(o,o) 

^0 = G(ifi) — G(o,o) + 5) z > 1 
= G(oj) — G(o,o) + 5 ) j ^ 1 
Fj = — G(^i^Q') — G(oj) + G(o,o) — Z)J ^ 1) 

Sj being the Kronecker delta. 

Cocycles from stochastic generators. Our treatment of the existence question 
for (2.2) is founded on the following infinitesimal version of Theorem 1.7. 

Proposition 4.3. Let Qt = : c, d S T} be a family of Co-contraction semi¬ 

groups on tj, indexed by a total subset T of k containing 0 and let Gc,d denote the 
generator of the semigroup Suppose that there is a sequence of strongly con¬ 

tinuous left contraction cocycles (E^"i) on t) and, for each c, d G T, a core Dc.d for 
Gc,d such that 

(a) 


for each n G N, and 
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(b) E‘^F^^'>E 2 —x{c, d) Gc,d pointwise on ^c,d, for all c,d gT, where := 

Then there is a unique strongly continuous left contraction cocycle V whose asso¬ 
ciated semigroups include Qj. Moreover ^ V in the weak operator topology. 

Proof. We use the notation and for semigroups and generators associ¬ 
ated with the cocycle Condition (a) and Corollary 1.4 imply that Sc,d®D C 

DomF^”\ where D = LinT, so each is densely defined, and also F°F*-"^F 2 — 
x(c,d) C G|,”j by (1.20). Hence, by the Trotter-Kato Theorem ([Dav], Corol¬ 
lary 3.18), assumption (b) implies that 

lim sup - ( 5 t’‘')M|| ^ 0 

n^oo tg[o,T] 

for all c, d G T, M G () and T > 0. The result therefore follows by Theorem 1.7 and 
Lemma 1.2. □ 

Remark. This result is a stochastic generalisation of the Trotter-Kato Theorem. In 
the usual version pointwise convergence of the generators implies convergence of the 
sequence of semigroups in the strong operator topology. However a similar strength¬ 
ening of the conclusion for cocycles is not possible — as can be demonstrated using 
the conditions for isometricity of cocycles given in terms of conservativity of an 
associated quantum dynamical semigroup. See [LW 4 ] for details. 

Theorem 4.4. Let F G (!1(J)®D) where D is a dense subspace oft) and D = LinT 
for a total subset T of k containing 0. Assume that 

(a) for each c, d G T, E'^FEg- — x(c, d) is a pregenerator of a Go-contraction 
semigroup ^ ajid 

(b) there is a sequence (F^”)) in F(f}C)k) satisfying the operator inequality (2.5), 
such that, for all c, d G T, 

p'^pt'GE^^FE^ pointwise on S). 

Then F C F^’^ a unique strongly continuous left contraction cocycle V on t). 
Moreover, for all c Gk and d G T, 

G^,d = X{c,d), and (4.1) 

Gl,DE^F*Tk-xid,c). (4.2) 

Proof. By Theorems 2.3 and 4.1, assumption (a) (with c = d = 0) implies unique¬ 
ness. Let Gc^d be the generator of and let be the strongly continuous left 
contraction cocycle generated by F^"^ (see the remark following Proposition 2.1). 
Then the hypotheses of Proposition 4.3 are satisfied with Dc,d = ® for each c, d G T. 
Let V be the resulting cocycle. Then = Gc,d so F'^FF^ GL G^^ -I- x(c, d) and 
therefore D S. This gives F^’^ D F and so G^^ D F°FF^— x(c, d) for all 
c G k and d G D, by (1.20). Now S is a core for G^^ when c, d G T so, by part (b) 
of Proposition 1.3, it is also a core when c G k. The above inclusion is therefore an 
equality. It remains only to verify the inclusion (4.2), but since G^^ = (G^^)* this 
follows by taking adjoints. □ 

Remarks. Under the conditions of the theorem, if also DomF* D for 

dense subspaces 2 )^ and Ql of t) and k respectively, then contains the dense 

subspace so V strongly satisfies the QSDE (2.2) with coefficient F^fo^ on 
2)^’° (g) e(0) -I- and F* D F^fo\ In particular, F* satisfies the form 

inequality (2.4) on 2)^’° 0 (2)^fo^0Dt). 
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Our next result extends Fagnola’s existence theorem ([Fa 2 ]). Whereas his proof 
requires separability of both of the Hilbert spaces () and k, ours requires a strength¬ 
ening of his condition which amounts to K being a pregenerator of a Co-semigroup. 
This difference in hypotheses reflects our difference of approach. Whereas he ap¬ 
proximates the solution process by adapting Frigerio’s diagonalisation argument 
with the Arzela-Ascoli Theorem to cocycles constructed from bounded stochastic 
generators, we approximate a sufficient number of the associated semigroup gen¬ 
erators by exploiting the Trotter-Kato Theorem and this demands stronger core 
requirements. 

Theorem 4.5. Let F G C(2)®D), with block matrix form c^i]> where D is a 
dense subspace of f) and D = LinT for a total subset T of k containing 0. Suppose 
that 

(a) 2Re(5,F^) -I- ||AF^|p < 0 for all f G S)®D, and 

(b) K + MEd — ^IldlP is a pregenerator of a Co-semigroup, for each d G T. 

Then F C F^’~^ for a unique strongly continuous left contraction cocycle V on t), 
moreover (4.1) and (4.2) hold. 

Proof. By Proposition 3.1, assumption (a) implies that G)| ^ := E‘^FE 2 — x(c, d) 
is dissipative and Gc,d '■= G° ^ generates a Co-contraction semigroup if and only if 
Gb,d does, for 6, c G k and d G D. Since K MEd — = Gq this operator 

is dissipative for each d G D and assumption (b) is equivalent to Go,d being a Co¬ 
semigroup generator for each d G T. Therefore Gc,d is such a generator for each 
c G k and d G T. In view of Proposition 3.2, Theorem 4.4 therefore applies. □ 

Corollary 4.6. If condition (b) of Theorem 4.5 is replaced by 
(bi) Ran(A/ — K) is dense in 1) for some A > 0, and 
(bii) MEd is K-bounded, for each d G T, 
then the conclusion of the theorem holds, moreover 

DomC^d 3 DomK for all e G k and d G D, 
with equality when d is a sufficiently small multiple of an element ofT. 

Proof. Since K is dissipative (bi) is equivalent to K being a Co-contraction semi¬ 
group generator, by the Lumer-Phillips Theorem ([Dav], Theorem 2.25). For a > 0 
let T“ = {(a -f Xd)~^d : d G T}, where Xd is the relative bound of MEd with 
respect to K, thus LinT“ = D and MEd has relative bound less than one for each 
d G T“. Using Proposition 3.1 once more this means that, for each e G k and 
d G T“, E'^FE^ — x(e, d) is a relatively bounded perturbation of K with relative 
bound less than one. Therefore, by Gustafson’s Theorem, its closure has the same 
domain as K and is a Co-contraction semigroup generator, so (b) of Theorem 4.5 
holds (with T“ in place of T) and the theorem applies. We have 

Dom G'^d = Dom AT for e G k, d G T“ and a > 0. 

The proof therefore follows by Corollary 1.4 since D = LinT“. □ 


Remark. By choosing suitable functions p, and A in the example below, it is possible 
to find an operator F G C(S)GD) satisfying the conditions of Theorem 4.5 but whose 
coefficients Md are not Al-bounded, so that F is not covered by the corollary above. 


Dualising we obtain alternative conditions. 

Corollary 4.7. Let F G C(£)GD) and F^ G C(S^GDf) be densely defined op¬ 
erators on \) ® k with block matrix forms c^/] and T respectively. 
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satisfying F* D , where D = LinT for a total subset T of k containing 0. Then 
the conclusions of Theorem 4.5 hold under the conditions 
(a) F and satisfy the form inequality (2.4), 

(bi) F'f is a pregenerator of a Co-semigroup on t), and 
(bii) D is a core for the operator (K^ + E^M'^ — 5 ||(i||)*, for each d gT. 

Proof. In view of assumption (bi), Proposition 3.1 applied to shows that (K^ + 
E'^M^ — ^||d|P) is a pregenerator of a Co-contraction semigroup. Assumption (bii) 
therefore implies that its closure is (K MEd — IHdp)*, thus (K -|- MEd — ^||d|P) 
is a pregenerator of a Co-contraction semigroup and so Theorem 4.5 applies. □ 


Many examples are covered by the following consequence of Theorem 4.5, with 
C typically being unitary. 

Theorem 4.8. Let H be a elosed symmetric operator on \), L a closed operator 
t) ^ 0 k, C a contraction operator on [} 0 k and T a total subset of k containing 

0, such that T) := DomH n DomF*F n DomF*CFj; is dense in t), and let 
^ ~ lx)(g)D ^ ~ ^ ~ LinT. Then the following 

hold. 

(a) (i) F satisfies (2.4), with equality if and only if C is isometric. 

(ii) If there are constants 'jd > 0 (d G T) such that 

(idl + \L*L + L*CEd — iH)Ti is dense in (). 

then F generates a strongly continuous left contraction cocycle on [). 

(b) Suppose that := DomiL* n DomF*F n fldsTt T>oin L*Ed is dense in tj, 
and let Dl = LinTl for another total subset of k containing 0. 

(i) F* satisfies (2.4) on with equality if and only if C is coiso¬ 

metric on \)®k. 

(ii) If there are constants 7 d > 0 (d G T'^') such that 

(idl + \L*L — L*Ed + is dense in [) 

then F 1 := generates a strongly continuous left contraction 

cocycle. 


Examples in which C = I and H = 0 have arisen recently in the problem of 
constructing stochastic dilations of quantum Markov semigroups [GS 2 ]. In this 
case it suffices for £> to be a core for the positive selfadjoint operator L*L, and for 
L*Ed (d G T) to be relatively bounded with respect to L*L. 

Let 2) be the linear span of the standard orthonormal basis of () ;= /^(Z+), let 


n(N) W*X{N) 
-X{N)W 0 


where v(n) = iix(n) — i|Ap(n + 1 ), 


where W and N denote respectively the isometric right shift on 1) and the number 
operator on (), and A : Z+ ^ C and p : Z+ ^ R are arbitrary functions. Then 
F* + F+F*AF and F-|-F*+FAF* both vanish on !2)0!2) and Theorem 4.5 applies. 
Models of this type arise in the study of inverse harmonic oscillators interacting 
with a heat bath in the singular coupling limit ([Wal]). Conditions on the pair (A, p) 
which ensure isometry/unitarity of the resulting contraction cocycle are investigated 
in [FaW], from the point of view of the right equation dUt = (F* 0 Ij^)Utdh.t. 

Classical birth and death processes have been constructed using quantum sto¬ 
chastic calculus ([Fai], [FaW]). These are similarly covered by the above theorem, 
this time working with the Hilbert space P (Z) and two dimensional quantum noise. 
These examples and others are treated in detail in [LW 4 ]. 
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